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Question 1.

a) When Robinson sets up the firm, we assume that he acts like any price taking firm in the
market and that given wages and price, he will act to maximize profit. The firm’s profit
maximization problem is

max m(p,l) =pf() —wl = pBVI — wl

Setting m; equal to zero, we obtain the first order condition, which we solve for ! to find
I*(p,w).
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Plugging [*(p,w) back into 7(p,), we obtain 7*(p, w).
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b) The time constraint is,
R+L=T

and his budget constraint by
pC' =wL+7

We can solve for labor in terms of 7" and R and substitute it into the budget.
L=T-R
pC=w(T—R)+

pC+wR=wT+n
pC+wR =S where S is the full income, wT + 7

c) Using the budget constrainst from Part (b), we can write Robinson’s utlity maximization
problem as

Hée}‘;{{U(C, R) = alog(C) + (1 — a) log(R)} such that pC +wR = S

which gives the Lagrangian form,
L = alog(C) + (1 — a)log(R) + A[S — pC — wR]
the following first order conditions are then,
At optimum,
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[A]: pPC+wR=S

We can then solve the first order equations as a system of equations to obtain our C*,
R*, and L*.
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d) If we let p = 1 (we can think of this as a change of units that will not effect behavior),



we can calculate the equilibrium price of labor w*. First we can use that the amount
demanded by Robinson in the labor market (C*) must be equal to the amount supplied
by the firm f. From our previous answers, we know,

C*(p*, w*, S*) = f(I*(p",w"))
C*(1,w",8%) = f(I*(1,w"))

a =f (25)
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Now that we know wages, w* it’s simple to solve for optimal amounts,

L* =" (1,w*) =

c*(1,w*,S*) = f(I*)
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e) We have what we need to take the partial derivatives,
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For wj, we know that productivity in the economy increases, this should raise our wages
(which are in terms of consumption) because the marginal product of labor is increasing.

For «, Robinson now cares less about leisure and more about consumption. This means
that he will work more at any price, and so labor supply increases. An increase in supply
drives down wages in the market.

For T, Robinson now has more time, so he will be willing to work more. Like with a,
labor supply subsequently increases and wages in the market decrease.
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For C*, Robinson cares more about consumption and will work more. This lowers wages
(as we saw in part e)), but will also lower prices. In equilibrium, when he is working
more, there must be more produced in the market, and thus more consumed.
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For C%, we know that increased productivity must increase supply and thus increase the
quantity consumed in the market.

For Cy, it is again similar to «, labor supply has increase and this will lead to more
produced and consumed in the market.
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For R}, Robinson cares more about consumption and will work more. This increases
labor supply and means he will work more.
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For R}, increased production will make work more appealing because the wage is higher;
however, leisure is also more appealing because income has increased. The income and
substitution effect cancel and leisure remains constant.

For R, more time will mean more leisure.



‘1) Robinson decides that he will pick C*, R*, and L* to maximize his utility rather acting
as a price taker in the labor market and at the firm.

His new optimization problem (the social planner’s problem) is
({*r,l}%,)f{U(C’ R) = alog(C) + (1 —a)log(R)} such that C' = f(L) = BVL and L+R=T
which has the following Lagrangian.

L = alog(C) + (1 — a)log(R) + A\¢[BVL — C] + [T — L — R]

By taking partial derivatives of the Lagrangian in terms of C, R, and L, we obtain three
first order conditions.

Pl f(L)y=BVL=C
A\f] T=L+R

We can, then, solve the first order conditions above as a system of equations to find our
optimum.
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These results are the same as those from Question 1, Part (d). In other words, the market

from Question 1 maximizes Robinson’s utility, just as if he were to pick C*, R*, and L*
optimally himself.



Problom 2

This question concerns the Robinson Crusoe Economy where Robinson’s utility function is given by
U(C,R) = C*RU~9 for the consumption of good € and leisure R. He is endowed with T units of
time. that he can allocate either to Ieisurg%r to labor (L). Let p be the price of the good and w the
per unit price of labor. Robinson also owns a firm that has access to a technology described by
f(1) = Al where A is a constant.

a. Draw the constraint of the optimization problem faced by Robinson on a graph with C on the y-axis
and R on the x-axis. Make sure you label all relevant intercept/s and slope.

C y L+R =T 4 PC =l +T
%%E. (\S\o\"’e’ ° D PC: w(T-R)eTr
) ¢ = WT+HT - w e
¢ 4
L
/e |

T R

i i ; i * ¥ S) (and thus L*)
Derive Robinson’s optimal demands for C*(p,w,S) and R*(p,w, _
where is full income as defined in class. You can assume that SOCS are satisfied.

The \ugmmjim te Jtven ‘OD ’ i = Q"“re("";)'i-,\ [w7+1r~ PC - wﬁ]
FeC

[c]: ™ R™-Ap-0 3 xcTe™ . Ap

[e] (=)™ L xw=0 o (1-)C 2% - Aw

A} wrem-fc-wR =6 S WT+T = Pcvwr

Lel LW = e = d w R
/U:.f) P &« R ic ey P @

Subshh e @ o LA »
WT T =.¢ \J’i = Q] t Wi

o | ,f
) LT ttr: b ‘f(ét__@:""&)
’ 1= &
S WT+T = wl S| = (1-)(wT+w)

{ad

b




$"ub5¥i¥»\1ns " bodk e @

C =& W (=) (wT~+T)

: i o lc™ = oL (wr+T)
G- "¢ v = X (WT+]

P

W Al e (\QQSQ)I{\D wsk for L but  id\s €asy o (:1/\0{:
L= T = (=) (T 41)

i
{
) L= wWT - YT < edwT +&TF
nJ

(o

lL" - dT = (awt)w)

¢. Derive the firm’s profit maximizing demand for labor for any prices.
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d. Solve for the equilibrium prices and quantities of this economy.
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e. Thanks to technological progress the new production function is given by £ (1) = Bl where B > A.
Explain how the equilibrium in the economy will change.
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Question 3

(a) The consumer maximizes

max C°RP
C,R,L
st. C=wL+r+ 355

L+R=1

The two constraints can be combined into

™
R = —
C+w w+r+100

where the right-hand side is the new version of the full income seen in class. We can thus
write the Lagrangian as
E:C“R‘3+/\[w+r+% —C’~—wR]
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Plugging into [\], we get
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(b) The firm wants to maximize
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(¢) Plugging the FOC’s into the profit function, we get

N | =
N =
=
eI
&~
(ST
Il
o

n= k32 — %k—%e%k = %k%e-%e — k202 — k203 —

From [k]/[€], we get that



The market clearing condition for labor is £* = 100Lx and for capital is k* = 100K*.

Using those two conditions, we find
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Using the expression for L* from part (a), we get

1
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where I also used the fact that 7 = 0. Solving for w, we get (after some algebra)
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a

T.

The consumption market clearing condition is
1
100C* = (£°k*)2 .

Again using the expressions from (a), we get
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@28, we can solve for 7* as
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The question also asks for K*, but it should be K* = 1, since K does not enter into the
consumer’s utility function. We can also pretty easily find
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a

The monopolist’s profit maximization problem is:

max { (100 — y)y — 5y}
Y

The FOC is:

95
[b]: 100-2-5=0=y" ==, p"=—

so that profits are
. 95105 95 9975 —950 9025

== —
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The second-order condition gives us —2 < 0, so we know that profits are in fact maximized for this output

choice.

b

The profit maximization problem is now:

1
max {(100 — )y — 300 + 5y — Zzﬂ}
Yy

which gives FOC
1 5
[y : 100-2y+5-y=0->105= Y=y =42 p" =58

This gives profits of

1
7 = 58 x 42 — (300 ~5x 424 :1(42)2) = 1905

C

See Figure 1.

d

No, as we saw in class the quantity produced by the monopolist is not efficient. In particular for units between

the monopoly quantity and where the demand curve intersects the monopolist’s marginal cost curve, the
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Figure 1: Demand, marginal revenue, and cost curves for problem 1. Monopoly profits are equal to the area
of the rectangle with base equal to the number of units sold, and with height equal to the difference between
the height of the demand curve and the height of the AT'C' curve at the monopoly quantity.

consumer’s willingness to pay (or marginal value) is above the cost for the units to be produced, but the

units are not being sold.

e

The price elasticity of demand is
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so that the monopolist is operating in the elastic region of the demand curve.



Problom &

a

The profit maximization problem is given by
max p(y)y — C(y) — 1000
Y

Using the inverse market demand function (that is, we need to invert the demand function given in the

problem to express price as a function of quantity sold), we rewrite this as
max (100 — y)y — 1000 = max 100y — y* — 1000
y Y

b

The FOC is
[y]: 100 -2y =0=y" =50

Checking the SOC, we get —2 < 0, so we have a maximum. Note that we have the usual interpretation of
MR = MC here. In this case M R = 100—2y and MC = 0. The price is p(y) = 100—y = 100—50 = 50 = p*.
Profit is: 7 = 50 x 50 — 1000 = 1500. See attached figure.

C

No, the solution in part b is not efficient. In particular, for units between y* = 50 and y = 100, WTP by

consumers is higher than the MC of 0, but the units are not sold. We calculate: (See attached ﬁgure)

Note that PS does not include fixed costs, so in this case PS # 7.
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In other words, the monopolist is operating on the portion of the demand curve that is unit elastic - in
between the elastic and inelastic parts of the demand curve. Therefore we can confirm that the monopolist

is not operating on the inelastic portion of the demand curve.
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